1. Analytic results. The topology of our spaces of C 00 or analytic mappings is the Whitney C°° topology [see M. Hirsch [11] ] except for the last section, and M 9 N always mean real analytic manifolds of dimension n, p respectively. We denote by Σf the critical point set {x E M | rank df x < min(ft, /?)}. Our main result is the following. THEOREM 
Let f be a proper C°° mapping from M to N. Then every neighborhood off in C°°(M, N) contains a proper analytic mapping g such that g(Σg) is a main semi-analytic set of dimension I = min(π -1, p -1).
It is natural to ask if g(Σg) can be analytic in the above. The answer is negative.
EXAMPLE. Let /: R 3 -» R 3 be the polynomial mapping defined by f(x l9 x 29 x 3 ) -(X\, x 2 > *3 + *2 X 3 + *i*3). Then f(Σf) is "Swallow's Tail" [see T. H. Brocker [5] or M. Golubitsky and V. Guillemin [8] ]. It is known that/(Σ/) is not analytic. Moreover there exists a neighborhood U of/in C°°(R 3 ,R 3 ) such that for any g of U 9 g(Σg) is not an analytic set. (See Figure 1.) We see easily that a main semi-analytic set is semi-analytic [see S. Lojasiewicz [12] ]. Any nowhere dense semi-analytic set is the critical value set of some analytic mapping, to say more precisely. Let Y be a main semi-analytic set of dimension /. [3] and J. Mather Let Σ' or Σ iyJ denote the Thom-Boardman symbol (see J. Boardman [3] ). We put°W e further put Here we introduce the transversal condition concerning the Thom-Boardman singularities. We say that a C 00 mapping /; M -> N satisfies the condition (T-B), if/has the following properties: (I) In the case n >/?,
3. Proof of Theorem 1. In this section we give the proof of Theorem 1. 
is transversal to each stratum of § is dense in C°°(M, N).
A germ of C 00 mapping/: [19] .] The set C ω (M, N) of analytic mappings is dense in C°°{M, N). LEMMA 
Let g: M -> N be a proper analytic mapping which satisfies the condition (T-B). Then g has the following properties:
(
Proof. It follows from (1) and (2) of (T-B) that B 0 (g) is dense in Σg, has dimension/? -1, and the restriction of g to it is an immersion. Put 
Note. From the assumption that B 0 (g) is dense in Σg, we see that the local dimension of g(Σg) is constant.
Proof. Since g is proper and g\ Σg is locally finite-to-one, g(Σg) is closed and g\ Σg is finite-to-one. Hence, g(Σg) turns out to be main semi-analytic if we show that for any point x of Σg the image by g \ Σg of a neighborhood of x in Σg is the main part of some analytic set in a neighborhood of g (x) .
Since the germ of g at x is analytic and ^finite, there exists a representative g c : U -» V of the complexification of g such that g c | Σgc n/y is proper and finite-to-one, where [20] and H. Hironaka [10] ]. Then, using the same argument as the proof of Lemma 1.1 in R. Benedetti and A. Tognoli [2] , we can prove that g(Σg Π U) is the main part of some analytic set in V E N if we take U, V smaller, as follows:
We take a desingularization m\ X -* Σg c Π t/ and an irreducible component 7 of I with dim R π(7) Π Σg = dim R Σg. Put σ = g c ° π: Y -> σ( 7) (C FCiV c ). First we prove
.
From a reason of dimension, a regular value of π\ γ is contained in Σg -L. Thus, at a point of 7, σ is isomorphic. Hence there exists a complex analytic subset S' of 7 with codimension > 0 such that S' D (π\ γ y\L) and σ| y _ 5 , is a local isomorphism. Then S -σ~\σ(S')) is a complex analytic subset of codimension > 0 in Y. As Y is connected, 0(7-5) is connected. Furthermore, σ is proper. Thus σ| y _ 5 : 7^ S -> σ( 7 -5) is a covering of finite degree. We claim that this degree is odd. In fact, (ττ(7) Π Σg) -π(S) Φ 0 and for a point y E g((τ7(7) Π Σg) -7r(S)) = 0(7-5) Π g(Σg -L), σ~](3/) consists of a unique real point and several pairs of non-real conjugate points. This implies that #(σ~ \y)) is odd. Now assume inequality (*) does not hold. Then the difference (σ(7-S)nΛ0-(g(τr (7))nΣg)
has an element y\ But we see that σ" 1^' ) consists of only several pairs of non-real conjugate points, and #(σ~ι(y')) is even for the element y' E σ(7-S), which is a contradiction. We consider the analytic closure g(τr(7) Π Σg) of the germ g(ττ(Y) Π Σg) at g(x). Since σ is proper, σ (7) is a complex analytic subset of V and σ(7) Π N D g(π(Y) Π Σg) at g(x). Thus, from (*), we have
at g(x). Lastly, we take a decomposition X = U. Y^ into a finite number of irreducible components. We denote by A the union of g(π(Y i ) Π Σg)'s.
Then A is an analytic set and contains g(Σg Π U). Furthermore, from (**), dim(yί -g(Σg -L)) < dim g(Σg) at g(x). From Note, we have that g(Σg ΓΊ U) is the main part of A. Thus Lemma 3.5 is proved.
Proof of Theorem 1. Let /: M -» N be a proper C°° mapping. From Lemmas 3.1-3.3 and the fact that the set of proper C 00 mappings is open in C°°(M, N) 9 f can be approximated by a proper analytic mapping g: M -» N such that for any x of M 9 the germ of g at x is %-finite, and g satisfies (T-B). Hence, by Lemmas 3.4-3.5, we see that g(Σg) is main semi-analytic. This completes the proof of Theorem 1.
Proofs of the other results.

Proof of the statement in Example.
It is easy to check [see e.g. [7] ] that this/is stable in Mather's sence. Hence there exists a neighborhood Uoίf in C°°(R 3 , R 3 ) such that for any g of U 9 we have C°° diffeomorphisms τ l9 T 2 of R 3 such that / = τ λ ° g ° τ 2 . Let g E U. We want to see that g(Σg) is not an analytic set. Let T be a C°° diffeomorphism of R 3 such that τ(/(Σ/)) = g(Σg). We assume g(Σg) to be analytic. 
Proof of Theorem 2.
Let G' be the set of proper analytic mappings g: M -> N such that for any x E M, the germ of g at x is %-p-finite [v\ sufficiently large], and g satisfies (T-B) . From the proof of Theorem 1, we see easily that G' includes an open dense subset G of the set of proper analytic mappings, and (i) holds.
For any / of G we have a closed semi-analytic subset K C Σ/ such that Σf -K is an analytic manifold, the restriction of / to which is an analytic imbedding, dim K< dim Σf, ΓV(K) = K, and f(Σf-K) is semi-analytic. By 
Algebraic results.
In this section we will consider algebraic analogues in the compact open C 00 topology. We assume this topology on any C°° mappings space.
Let Y be an algebraic set of RΛ Then we see that the set {y e Y: For any 7 of C, S does not include g(Σg) as germs at y. Hence the germ of g(Σg) at y and it of g(Σg) at j > intersect. Since g(Σg) is closed, we have y E g(Σg). Thus we see that g(Σg) = C, that is, g(Σg) is main semi-algebraic.
Let M and N be C 00 algebraic manifolds, and/: M -» N a C 00 rational mapping. Then/(Σ/) is a semi-algebraic subset of iV.
Conversely, we have the following remark.
REMARK. Let iVbea C°° algebraic manifold of dimension n, and K a semi-algebraic subset of N of codimension > 0. Then there exist a C 00 algebraic manifold M of dimension n and a C 00 rational mapping /: M -> TV with dim Σ/< /i such that/(Σ/) = ^Γ.
